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INTRODUCTION 
As USUAL in fibre space theory we find it convenient in this note not to have to consider 
basepoints. We use [X, r] where X and Y are spaces, to denote the set of (free) homotopy 
classes of maps X+ Y, and we use 
f* : [X9 Yl + LX, Zl 
to denote the function given by composition with a map f : Y -+ 2. 
Let p:E + B be a fibration, with the homotopy lifting property for all spaces. A cross- 
section of the fibration is a mapf: B --f E such that pf = identity. We describe two cross- 
sections f, g : B + E as equivalent if f is homotopic to g by a deformation 
h,:B + E (O<t< 1) 
which is a cross-section for each value of the parameter t. Such a deformation is known as a 
vertical homotopy; for each x E B the path h,(x) lies entirely within the fibre p-lx. We 
recall the well-known 
LEMMA (1.1). Zf two cross-sections are homotopic then they are vertically homotopic. 
For let f,: B + E be a homotopy such that f0 and fi are cross-sections. Consider the 
maph:BxZ+Egivenby 
h(x, 0 =fit(x) (0 6 t s _)I> 
=.fiPf2-21(x) (+ltsl), 
where Z = [0, 11. 
Since ph(x, t) = ph(x, 1 - t) it follows that ph N k, rel B x i, where k: B x I+ B is 
the left projection. Lift this to a homotopy, rel B x i, of h into h’, say, whereph’ = k. Then 
f,' is a vertical homotopy off0 into fi I where fix- = h’(x, t). 
We remark that if E = B x F and p is left projection then the set of classes of cross- 
sections is equivalent o [B, F]. 
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Let G be a topological group acting effectively on a space F. Suppose that the fibration 
p: E + B has the structure of a G-bundle 5 with fibre F. Let T be the total space of the 
associated principal bundle, with the standard action of G on T. Then the set of classes of 
cross-sections ofp: E + B is equivalent (see (7.3) of [I] and (5.1) of [2]) to the set of equivari- 
ant homotopy classes of equivariant maps T + F. In case c is itself principal, with G = F, 
this reduces to [B, Fj. 
Let H denote the stability subgroup of G under its action on F. Every cross-section of 
p: E + B determines an H-bundle over B which is a reduction of the G-bundle 5. Two 
cross-sections determine equivalent H-bundles if they are equivalent, but this condition is 
not necessary. For example, take the case of a trivial 3-sphere bundle over S3. The number 
of classes of cross-sections i  infinite, yet all 2-sphere bundles over S3 are trivial. 
In a subsequent paper we shall apply the methods of Postnikov theory to the problem 
of enumerating classes of cross-sections. This approach has been used for the existence 
problem by several topologists. The present note contains some preliminary material. 
Perhaps the only result of independent interest is the following theorem on immers- 
ions. 
Recall that with any real n-plane bundle there is associated, for M $ n, a bundle of 
orthonormal m-frames over the same base with fibre the Stiefel manifold V,,,. Using the 
work of Hirsch [2] we shall prove 
THEOREM (1.2). Let M be a smooth m-manifold and let n 2 m + 2. Let v be the normal 
n-plane bundle to an immersion of M in R”+ “. Then the set of regular homotopy classes of 
immersions of M in R” is equiralent to the set of classes of cross-sections in the orthonormal 
m-frame bundle associated with v. 
In this form Hirsch’s theorem is better adapted to the methods used in our subsequent 
paper. Note that the n-plane bundle v is in the stable range, since n I m + 2; thus its 
isomorphism class does not depend on the choice of the immersion of M in R”““. 
The case n = m + 1 follows directly from the theorem of Hirsch. We shall prove 
THEOREM 1.3. Let M be a manifold of dim m 1 1 that immerses in Rm+l. Then the set 
of regular homotopy classes of immersions of M in Rm’ 1 is equicalent to the set [M, SO(m + l)]. 
Since SO(3) is the real projective 3-space, one has 
COROLLARY 1.4. If M is a closed surface with Euler characteristic X, there are precisely 
22-x regular homotopy classes of immersions of M in R3. 
52. CLASSIFICATION OVER A MAP 
Let A be a complex and let u: A + B be a map. Let p: E -+ B be a fibration. If a map 
f: A + E satisfies the condition pf = u it will be called a map ocer u, or simply a u-map, If a 
homotopy f,: A + E is a u-map for each value of the parameter it will be called a homotopy 
over u, or simply a u-homotopy. In $1 we discussed the case when A = B and u = identity. 
We denote by [A, E; u] the set of u-homotopy classes of u-maps, for the given fibration. 
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LEMMA (2.1). lf u is homotopic to c then [A, E; u] is equicalent to [A, E; u]. 
For let w,: A + B be a homotopy of u into v. Given a u-map f: A + E we can lift w, 
to a homotopy hi: A + E off into a u-map g. Suppose f is u-homotopic to f ', say, and that 
we have a homotopy hi : A + E, also covering w,, off’ into a v-map g’. We assert that g 
is v-homotopic to 9’. For let M, be a u-homotopy off intof’, and let /I, be the homotopy 
of g into g’ given by 
B, = hi-s, (0 r t s 9, 
= a3t- 1 (3 s 2 5 31, 
= h;,_2 (3 5 t 5 1). 
Since pj?, = p& -,, for all values of t, we can deform p&, with extremities fixed, into the 
stationary homotopy of v into itself. This deformation of p& can be lifted to a deformation 
of /It, with extremities fixed, into a u-homotopy yt. Hence g is v-homotopic to g’, as 
asserted. 
Thus the deformation M’~ determines a function 
[A, E; u] -+ [A, E; U-J. 
Similarly the deformation $ = w1 --t determines a function 
[A, E; u] --) [A, E; u]. 
These two functions are mutually inverse and so the two sets are equivalent, which proves 
(2.1). 
In view of (2.1) we may occasionally use the notation (A, E; a] instead of [A, E; u], 
where a E [A, B] denotes the homotopy class of u. There is a natural mapping of [A, E; a] 
onto p;la, where 
p*:CA El 4 C-4 Bl. 
In the case of cross-sections, when A = B and u = identity, this mapping is injective, as 
shown by (1 .l). But in general the mapping is not injective, as the following example 
indicates. Given B, take E as the space of free loops in B. Such loops are maps of a circle S; 
let p be given by evaluation at some chosen point of S. Take A to be a point-space. The set 
of elements of n1 (B) corresponds to the set of u-homotopy classes of u-maps; while the set 
of conjugacy classes of x,(B) corresponds to the set of ordinary homotopy classes of 
u-maps. 
Let p’: E’ + B’ be the fibration induced from p: E + B by a map f: B’ + B. Thus, E 
is the subspace of E x B’ consisting of pairs (x, _v) such that px = fy, and p’(x, y) = y. We 
describe g: E’ --P E as the standard map, where g(x, J’) = x. If u’ : A -+ B’ then composition 
with g sets up a homeomorphism between the function-space of a’-maps A + E’ and the 
function-space of jii-maps A + E. Thus we obtain 
LEMMA (2.2). Ifp’ : E’ + B’ is induced,from p: E--t B b?*,fi B’ + B, then the standard map 
g : E’ + E irtduces an equiralence 
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g*: [A, E’; u’] --f [A, E;fu’] 
where u’ : A --f B’. 
When A = B’, f = u, and u’ = identity the lemma shows that [A, E; u] is equivalent o 
the set of classes of cross-sections of the induced fibration over A. 
Sometimes it is convenient o work with base points, requiring all maps and homotopies 
to be basepoint-preserving, This alters the problem, of course, but our exposition requires 
little modification to adapt it to the basepoint-preserving case. When the fibre is l-connected 
the two problems are practically the same, as is shown by 
LEMMA (2.3). Let A, E, B be spaces with basepoints such that u: A + B andp: E -+ Bpre- 
serve basepoints. Suppose that the fibre F over the basepoint of B is l-connected. Then the 
set of u-homotopy classes of u-maps A + E is equivalent to the set of basepoint-preserving 
u-homotopy classes of basepoint-preserving u-maps. 
For let q: D + A denote the induced fibration, whose fibre can be identified with F, 
and let u: L, + E denote the standard map over u. The basepoint x,, in E serves as basepoint 
in F and in D. IfJ‘: A -* E is a u-map then f = vg, where g: A + D is a cross-section. Since 
gxo E F there exists a deformation, keeping x0 within F, of g into g’, say, where g’x, = x0. 
Thus qg’ N 1, by a basepoint-preserving homotopy, and we can lift this to a basepoint- 
preserving homotopy of g’ into g”, say, where qg” = 1. Therefore f = ug u vg”, where rig” 
is a basepoint-preserving u-map. So far we have used the hypothesis that F is pathwise- 
connected. 
Now suppose that F is also simply-connected. Letf,: A + E be a u-homotopy such that 
f. and fi are basepoint-preserving. Then f, = vg,, where gr: A + D is a vertical homotopy 
such that go and g1 are basepoint-preserving. The image of x0 during the homotopy traces 
out a loop in F. This loop is contractible in F, by hypothesis, and so we can deform gr, with 
extremities fixed, into a basepoint-preserving homotopy of go into gl. The argument used 
to prove (1.1), taking care to preserve basepoints, shows that there exists a basepoint- 
preserving vertical homotopy of go into gl. Compose this homotopy with v and we obtain a 
basepoint-preserving u-homotopy off0 into fl, as required. 
53. SOME COMPARISON THEOREMS 
Throughout this section A will denote a complex. We begin by proving 
THEOREM 3.1. Let pi : Ei + Bi bejibrations (i = 1,2) and let g: B, + B,, h : E1 -+ E2 be 
maps such that gpl = p2h. Suppose that the map k: F1 -f F2 determined by h is a weak 
homotopy equivalence, where Fi is the jber of pi. Then [A, E1 ; u] is equivalent to [A, Ez ; gu] 
for all complexes A and all maps u: A + B1. 
Let pi: E; + A denote the fibration induced, respectively, by u for i = 1 and by gu for 
i = 2, from the fibration pi : Ei 4 Bi, and let Ui : Ei + Ei denote the standard map so that 
PlUl =up;, pzu, = gup;. Since p,h = gpl there exists a unique map h’ : E; + E; such that 
p;h’ = p{ and u,h’ = hul. If we identify Fi with the fiber F/ ofp: in the usual way, then the 
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map k is identified with the map k’: F; + F; determined by h’. Since k is a weak homotopy 
equivalence so is k’. By a five lemma argument it then follows that h’ is a weak homotopy 
equivalence. Hence, by 16.2 of [4], h; is bijective in the commutative diagram shown below. 
h: 
CA, &I -, [A, Gl 
\ / l-4. \ ,‘A 
‘[A, Ald 
In particular, h& maps p;zl(y) bijectively onto pi: l(y), where y c [A, A] denotes the class of 
the identity. By (l.l), however, &r’(y) is naturally equivalent o [A, E:, y]. By (2.2) [A, 
E;; y] is equivalent to [A, El; u] and [A, E;; 71 is equivalent o [A, E2; gu]. Therefore 
[A, Ei ; u] is equivalent o [A, E,; gu] as asserted. 
NowletB,=B,=Bandletu:A + B be a map. The same method also proves 
THEOREM (3.2). Let pi : Ei + B befibrations (i = 1, 2) and let It : El -, E2 be a map such 
that p,h N pi. 
Suppose that the induced homomorphism 
h, :~,(EI) -+ 7G2) (r = I, 2, . ..) 
is injectivefor  < n, surjective for r s n . Then [A, El ; u] is equivalent to [A, E2 ; u] provided 
that dim A c n. 
Let g: D + B be a map. We say that a fibration p: E + B represents g if there exists 
a homotopy equivalence h: E -, D such that gh N p. For example, take E to be the subspace 
of D x B’ consisting of pairs (x, A) where x E D and A is a path in B beginning at gx. Define 
P(X, 2) = 21, A(x, A) = x. 
Then p is a fibration and h is a homotopy equivalence (see $1 of [3]). 
If p’: E’ -, B also represents g then p’k N p, where k: E + E’ is a homotopy equivalence 
and so [A, E; u] is equivalent o [A, E’; u] by (3.1). In this sense the set [A, E; u] depends 
only on the class of g in [D, B], not on the choice of g or the fibration to represent i . We 
may occasionally use the notation [A, D; u] instead, noting that if g happens to be a fibration 
this conforms to our usuage hitherto. We assert 
THEOREM (3.3). Let p: E--f B be afibration and let q : D + E be a map. Suppose that the 
induced homomorphism 
q* : Jbm -+ x,m 
is injective for r c n, surjective for r 5 n. Then [A, D; u] is equivalent to [A, E; u] provided 
dim A < n. 
For let p' : E’ --, B be a fibration which represents pq, so that 
[A. D; u] = [A, E’; u] 
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by definition. Then pqh LX p’, where h: E’ + D is a homotopy equivalence. Apply (3.2) 
with qh in place of h. We obtain that [A, E’; U] is equivalent o [A, E; u], as asserted. 
The above theorem is convenient for the work on Postnikov systems in our second 
paper. However, we give another kind of application in what follows below. 
#4. REMARK ON ASSOCIATED BUNDLES 
Let G be a topological group, let < be a principal G-bundle over a complex B, and let 
G act effectively on a space X. Denote by & the bundle associated to { with fiber X and 
structure group G. In case X is itself the total space of a principal G-bundle, we obtain 
another way of enumerating the set of classes of sections of <,. 
For this, suppose that we have a space Z that is n-connected (where n > dim B) and that 
is the total space of a principal G-bundle. Suppose also that there is a G-equivariant map 
f: X + Z, We then obtain a map fG : X, -+ Z, where the su@ix denotes that the action of G 
has been factored out. Since n > dim B there is a map u : B + Z, such that the bundle 5 
is equivalent o the bundle induced by u from the G-bundle Z 4 Z,. (See Steenrod [5, 19.41). 
We prove 
THEOREM 4.1. The set of classes of sections of & is equiz:alent to the set [B, X, : u]. 
Consider the commutative diagram below, where d is the map x + (.u, fx), x E X, and 
r is the right projection: 
X 
I 
\ 
d \( 
xxz& 
Make G act on X x Z by acting on each factor. The maps in the above diagram are all 
G-equivariant, and so we obtain an induced diagram as shown below: 
“T, 
do I VO ‘1 \r 
xxz -+ Z@ 
G 10 
Now rc is a fibre map with fibre X: moreover, since 5 is induced by u from the fibration 
z+zo f it follows that 5x is induced by u from the fibration rG. Thus by (2.2), the set 
of classes of sections of cx is equivalent o the set [B, X x Z; U] 
G 
Consider the homomorphism 
d,: n,(X) -+ x,(X x Z). 
When z,(X x 2) is identified with the direct sum z,(X) @I, in the usual way, the com- 
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ponent of d* in n,(X) is the identity. Since Z is n-connected, by hypothesis, it follows that 
d* is an isomorphism for r <= n. Now d is a fiber-preserving map over do, with reference to 
the fibrations 
X+Xc, xxz+xxz, 
Thus d induces a homomorphism of the exact sequence 0; these fibrations, and it follows by 
the five lemma that 
d,.: n&X,) + 77,(X x Z) 
is an isomorphism for r $ n . Hence [B, Xc: u] is eqzvalent to [B, X x Z: u] by (3.3), and 
so (4.1) is obtained. G 
Notice that a space Z and mapfcan always be found. For let X, denote the join of X 
with the n-fold join of G. Following Milnor one sees that X, can be regarded as the total 
space of a principal G-bundle, where G acts on X in the assumed way and on the n-fold join 
of G by right translation. Since X, is n-connected we can take Z = X, and f = inclusion: 
XC X”. 
We apply 4.1 to the problem of enumerating the immersions of a manifold M in a 
manifold N. Suppose that dim M = m. Let T(M), T(N) denote the respective tangent 
bundles of the manifolds, and let T,,,(M), T,,,(N) denote the total spaces of the associated 
orthonormal m-frame bundles. Each of T,(M), T,(N) admits the orthogonal group O(m) 
as a transformation group. The theorem of Hirsch [2] states that if m < dim N then the 
set of regular homotopy classes of immersions of M in N is equivalent o the set of classes 
of cross-sections of the bundle over A4 with fibre T,,,(N), associated to the principal O(m)- 
bundle T,,,(M) + M. 
Let q be an integer greater than 2m + 1 such that there is an embeding 4 of N in Rq. 
d, induces a bundle map #J*: r(N) + T(P), and the inner product in Rq induces a Riemann 
metric on T(N). Thus c$* induces an O(m)-equivariant map fi T,(N) -+ T,,,(P) = V,,,. 
Dividing out by the action of G = O(m), we obtain a map fG : G,,,(N) + G,,,(P) = Gq,,,, 
where G,,,(N) denotes the manifold of m-planes in T(N). The maps T,(N) -+ G,(N), V,,, + 
Gq,m are principal O(m)-fibrations. Since q > 2m + 1, the manifold Vq,m is at least (m + l)- 
connected [5]. Thus 4.1 applies and we obtain 
COROLLARY 4.2. L.et M and N be manifolds such that m = dim M < dim N. Let an 
imbedding 4 : N --, Rq (q > 2m + 1) induce the map fo: G,(N) + Gq,,,, Then the set of regular 
homotopy classes of immersions of M in N is equivalent to the set [M, G,,,(N); tM], where 
t,:M-+ G,,m is a map which induces the tangent bundle of M from the canonical m-plane 
bundle on G,,,. 
$5. PROOF OF 1.2 AND 1.3 
We continue straight on from $4, and now take N = R”, q = n + m, and 4: R” c R”+“’ 
the standard embedding, thinking of R”+” as R” $ R”. (Since q > 2m + 1 we now must 
have n > m + 1). The map fo, defined in $4, becomes the standard inclusionj : Gn,m c G,,,. 
To go from 4.2 to 1.2 we need to pass from the tangent bundle of M to the stable normal 
bundle. For this, we need to regard G,,,, G,,,, as homogeneous paces. 
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Consider the orthogonal group O(n + m), and let U(n + m - r), O’(n + m - r) for 
r = n, m, denote the subgroups of O(n + m) that leave the last r, and the first r coordinates 
fixed, respectively. Let G”(n - m) = O(n) n O’(n). We then have the following commuta- 
tive diagram, where the maps i, j, and p are all induced by inclusions: 
o(n) 
1 O(n + m) 
O(m) x W(n - m) + O(m) x P(n - m) 
I /’ i ,A 
O(n + m) / 
O(m) x O’(n) 
Now we can identify 
G 
O(n) 
“Jl’ = O(m) x O”(n - m) ’ 
G 
O(n + m) 
n+m9”’ = O(m) x O’(n)’ 
and the mapj is then the inclusion referred to above. Notice that we have a fibration 
O(n + in) 
” O(m) X O”(n - m) + 
O(n + m) 
O(n) ’ 
with fiber G,,,, and the map i denotes the inclusion of the fiber in the total space. Since 
G(n + m)/O(n) is (n - I)-connected it follows from the homotopy exact sequence of the 
fibration that 
4, : nr(Gn.,n) -+ n, 
O(n + m) 
O(m) x O”(n - m) 
is injective for r < n - I and surjective for r s n - 1. Hence [M, G,,,; tM] is equivalent o 
M, 
O(n +m> 
O(m) x O”(n - m) 
; tM 
I 
by 3.2, since dim M < n - 1. 
Let Q denote the linear transformation of RN+” which interchanges the i” and the 
(n + i)‘h coordinates for i = 1, 2, . . ., m and which leaves the remainder fixed. Let cp denote 
the involution of O(n + m) given by conjugation with e. This transforms O(n) into O’(n), 
O(m) into O’(m), and leaves O”(n - m) fixed. Thus we obtain the commutative diagram 
shown below where b, c denote the homeomorphisms induced by 4 and p, q the fibrations 
given by inclusion of subgroups. 
O(n + m) b O(n + m) 
O(m) x Ov(n - m) + O’(m) x O”(n - m) 
P 
I 1 
4 
O(n + m) O(n + m) 
O(m) x O’(n) C+ O’(m) x O(n) 
The fibration on the right is from the orthonormal m-frame bundle associated with the 
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canonical n-plane bundle over G,+,.,. The bundle over M induced by ct, from this is the 
orthonormal m-frame bundle associated with the normal n-plane bundle to the immersion 
of M in R”‘“. By (2.2) the set of cross-sections of the latter is equivalent o 
M, 
O(n + m) 
O’(m) x O”(n - m)’ ‘t, 1 ’
with respect o the fibration q. Since b and c are homeomorphisms this is equivalent o 
[ 
M, 
O(n + m) 
O(m) x O”(n - m) 
; t, 
I 
with respect o the fibration p, and this as we have seen (by 4.1) is equivalent o the set of 
regular homotopy classes of immersions of M in R”. 
This completes the proof of (1.2). We remark that the fibre in the m-frame bundle 
associated with an n-plane bundle is l-connected when n 2 m + 2 and so, by (2.3), it makes 
no real difference in (1.2) whether we adopt the basepoint preserving classification or not. 
To prove 1.3 we again use the theorem of Hirsch [2], whereby the set of regular homo- 
topy classes of immersions of M” in Rm+’ is equivalent o the set of cross sections of the 
following fibre bundle: 
V )n+ I,,,, -t T,(M) x Ka+t.n, --) M, G = O(m). 
o 
Now 
V nt+l,nt = O(m + 1)/O(l) = SO(m + l)/SO(S) = SO(m + 1). 
Moreover there is a map, qua fiber spaces, of the above fibration into the principal fibration 
for SO(m + I)-bundles, say the fibration 
SO(in + 1) + ESO(m + 1) + BSO(m + l), 
where the space ESO(m + 1) is contractible. Letfi M + BSO(m + 1) denote the map induced 
on the base spaces of the fibrations, By (3.1), the sets 
CM, Z,,(M) ; V,+l,m; 11 ad CM, ESO(m + l);f] 
are equivalent. But since the latter fibration is a principal fibration, it follows that [M, 
ESO(m + l);f] is equivalent o [M, SO(m + l)], which completes the proof. 
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